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1. Introduction

Mathematical epidemiology frequently employs state-transition models to examine the dynamics of infectious
diseases within a population. Such models provide a systematic framework for analyzing the spread and
transmission of disease by representing the transition of individuals between different epidemiological states. For
example, the Susceptible-Infected-Recovered (SIR) model is one of the most fundamental approaches in this field
[1]. However, classical integer-order models typically overlook memory effects and non-local dynamics specific to
many real-world epidemiological processes. To address these shortcomings, fractional-order derivatives come into
play, modeling disease behavior in a more complex yet realistic manner by incorporating past data, thereby
improving prediction accuracy [2]. In this context, a nonlinear fractional SIR model based on the Caputo derivative
is being investigated, taking into account memory and hereditary effects commonly encountered in disease
processes [3]. The use of fractional-order derivatives enables the modeling of infectious disease dynamics with non-
local interactions, offering richer analytical capabilities compared to traditional integer-order models. While
traditional models typically assume instantaneous transitions, they neglect the impact of past events on current
states. In contrast, fractional-order models incorporate memory effects within the temporal context, enabling a
more comprehensive and accurate representation of epidemiological processes [4]. In particular, this approach
allows for modeling situations where the rate of change in a compartment depends on past states, thereby revealing
hidden aspects of disease dynamics [5]. In this study, both numerical and analytical solutions are derived to analyze
the existence and singularity conditions of the fractional SIR model using advanced mathematical methods [6].
Additionally, to understand the long-term behavior of the epidemic, the stability of disease-free and endemic
equilibrium points is evaluated in detail under various conditions [7]. Recent studies have significantly expanded
the scope of the classical SIR model by integrating fractional dynamics, data-driven approaches, and generalized
transmission mechanisms. Taghvaei et al. proposed a fractional SIR framework in which the infection term is
modified using a power-law structure, allowing the model to capture heterogeneous contact patterns more
realistically [8]. Algahtani developed a fractional-order SIR model tailored to COVID-19 dynamics, demonstrating
that memory effects can substantially influence recovery and transmission rates [9]. Mousa and Alsharari presented
a numerical comparison of fractional SIR models, focusing on stability and accuracy of different computational
schemes [10]. Qazza and Saadeh introduced an analytical approach based on Laplace transform techniques to
obtain approximate solutions of fractional SIR systems [11]. Alazman et al. investigated the role of diffusion and
generalized fractional operators in SIR dynamics, showing how spatial and memory effects jointly impact disease
spread [12]. Prodanov D. explored nonlinear approximation techniques, including exponential series expansions, to
improve the solvability of SIR-type models [13]. Murph et al. focused on parameter estimation and peak infection
mapping, highlighting the importance of accurate data fitting in SIR-based forecasting [14]. Shafgat et al. combined
fractional SIRD models with deep learning methods to enhance predictive performance in epidemic modeling [15].

In this research, we are also exploring the potential of using the Laplace Adomian decomposition method (LADM)
to solve the fractional SIR epidemic model. This method is a powerful yet straightforward approach to tackling
epidemic models and has been successfully applied in biology, engineering, and applied mathematics. It combines
the Laplace transform and the Adomian decomposition method, offering several advantages for solving complex
problems. One of the advantages of this method is its accuracy, as by employing the Laplace transform, it transforms
the differential equations into algebraic equations, which are often easier to solve. This transformation reduces the
complexity of the problem and enables the use of powerful algebraic techniques to obtain accurate solutions.
Additionally, the Adomian decomposition method provides a systematic and robust approach to handling nonlinear
terms, allowing for accurate approximation of the solution even in the presence of nonlinearity. This method does
not require any perturbation or linearization, nor does it need a defined size of the step like the Rung-Kutta of order
4 technique. Various models have already been solved using this particular technique, such as HIV infection of CD4+
T cells model [16], fractional-order smoking model [17], epidemic childhood diseases [18], Radhakrishnan-Kundu-
Lakshmanan equation [19], Asian option pricing model [20], Burger's equation [21], Chen-Lee-Liu equation [22],
prey-predator model [23], nonlinear fractional smoking mathematical model [24], HIV model [25], Smoking epidemic
model [26], fractional-order COVID-19 model [27].

The novelty of the present study is threefold. First, unlike most earlier fractional-order SIR studies, which treat a
single homogeneous population, model (2.1) couples two interacting susceptible-infected-recovered sub-groups
through explicit cross-transmission coefficients &,, and &,,, so that heterogeneous mixing between two groups can
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be captured within a single fractional-order framework. Second, this particular two-group model, with its specific
combination of recruitment, natural-death, disease-induced-death and recovery terms, has not previously been
solved by the Laplace Adomian Decomposition Method. Third, we provide a systematic comparison between the
LADM series solution and the classical fourth-order Runge-Kutta (ODE45) solution for a = 1, together with a
discussion of how @ = 0.75 and a = 0.5 alter the epidemic dynamics of both groups. To the best of our knowledge,
this two-group fractional SIR model has not been solved by LADM elsewhere, which constitutes the main
contribution of this work.

2. Model Formulation

In this study, we consider the following SIR model with fractional derivatives of order 0 < a < 1and population
sizes that vary across the two groups introduced in [28]. Df denotes the fractional-order derivative operator of order
a in system of equations (2.1). As a result, the proposed fractional model involves three population variables for i =
1,2: susceptible S;(t), infected I;(t), and recovered individuals R;(t).

DSy =8; — (&1 Iy + 8212 +¥1)Sy,

D¥I; =835 11 + 85 L, — (W1 + Vi + P)I,

DER; =P I; —YiRy,

DES; = 8, — (62111 + 82212 + ¥2)S,,

DEI; =8218,11 + 8251, = (Y2 + V, + P) Iy,

DfR, = P, I, — Y,R,. (2.1)
Initial condition

S,(0) =0.8,1,(0) =2,R,(0) =1,5,(0) =0.8,1,(0) =2,R,(0) =1, (2.2)

Fori = 1,2, §; is the recruitment rate into group i, and Y; is the natural death rate. The natural recovery rate is p;,
and the disease-related death rate is V. The transmission rates are ; from S; to I; and &;; (with i # j) from S; to ;.
Without loss of generality, we assume thatV;, P, ;, and ¢;; are non-negative constants, and that §; and Y; are
positive constants.

To avoid the notation inconsistencies present in the original submission, the natural death rate is now denoted
uniformly by Ti (i = 1,2) throughout the manuscript - for the susceptible, infected and recovered sub-populations
alike - the recruitment rate by &i, the disease-related death rate by Mi, and the recovery rate by Pi; the transmission
rates remain &i j as defined above. These symbols are used consistently in Sections 2, 4 and 5.

3. Basic Definitions

In this section, we will introduce some basic definitions and properties of the theory of fractional calculus that
will be later.

Definition 3.1 [30] A real function f(x),x > 0 is said to be in the space C,, ueR if there exists a real number P > u
such that f(x) = xPf;(x) where f;(x)eC[0, ). Clearly C, < Cg if u <.

Definition 3.2 [30] A function f(x),x > 0 is said to be in the spaceC;*, meNU{0} if f™ € C,.

Definition 3.3 [31] The Riemann-Liouville fractional integral operator of the order « > 0 of a function, f € C,,,u =
—1is defined as

1

UEN@) =15 ), =D f(@Ddrx >a, (3.1)
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Ua ) = f (o). (3.2)

All the properties of the operator /% can be found in [32] which we mention only the following, for f € C,,u =
—1,a,8 = 0,rand y > —1 we have

JLIEA) 0 = (S ) o, (3.3)
U8R @) = UE121) 00 (3.4)
Jgar = e, (3.5)

The basic definition of the Riemann-Louville fractional derivative possesses some advantages over other
definitions when used to simulate real-world phenomena in the form of a fractional-type differential equation.

Definition 3.4 [33] The fractional derivative of the function f(x) in Caputo's sense is defined as

1
r(m-a)

(Dgf) (x) = (]m; aDmf) (x) = f;(x —t)m el fM(dt, form—1<a <mmeN,x > 0. (3.6)

Lemma3.1if-1<a<m,meNandu > —1, then
$DEFIG) = 0~ Tp F4(@) (52,02 0 (3.7)
(DaJaf)(x) = f(x) (3.8)
4. Laplace Adomian Decomposition Method

In this section, we will illustrate the basic steps for LADM. We discuss the following important definitions or our
research study:

Definition 4.1 [24] A function f on 0 < t < o is exponentially bounded of order o € R if satisfies || f(¢) < Me?t,
for some real constant M > 0.

Definition 3.2 The Caputo fractional derivative is defined as follows:

{D7f(©)} = s"L{f ()} = T s F1(0), (4.a)
where m = ¢ + 1, and [a] represents the integer part of a. As a result, the following useful formula is obtained:

r(c+1)
slo+1) ’

o ER*. (4.b)

L(t%) =

The last-mentioned definitions can be used in this section to discuss the general procedures for solving the
proposed mathematical model (2.1). First of all, the Laplace transform is applied to both left-hand and right-hand
sides of Eq. (2.1) in the following form:

LDES;) = 22 = &3 L(145,) — §12L(1,81) — Y4 L(Sy),

L(DFI,) =&, L(S; 1) +&,L(S. 1) — Y,L(I;) —V,L(I,) — P L(I,),
L(D{R,) = PiL(T,) — YiL(R,),

L(DES,) = 2 — £y L(11S,) — §22L(155,) — Y L(S2),

L(DZI,) =&,,L(S,I,) + &,,L(S,I,) — Y,L(I,) — V,L(I,) — P,L(I,),

L(szRz) = PzL(Iz) - YzL(Rz)- 4.1)
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Then, by applying the formula (4.a) to Eq. (4.1), we get

SOL(S;) — S*71S,(0) = =2 — &, L(I;S;) — &,L(1,S;) — Y1 L(Sy),

SPL(I,) — S*11,(0) = &,L(S;I4) + &,L(S: I,) — Y1 L(I,) — V,L(I,) — P,L(I,),
S?L(R;) — S*"IR;(0) = P,L(I;) — Y;L(R,),

SPL(S2) — S%71S2(0) = 2 — 51 L(1;1S,) — 55, L(15S2) — Y2 L(S,),

SUL(I,) —S*1I,(0) = &, L(S,1,) + &,L(S,I15) — Y,L(I,) — V,L(I,) — P,L(I,),
S%L(R,) — S*"1R,(0) = P,L(I,) — Y,L(R).

Next, by substituting the initial conditions in Eq. (2.2) into the model (4.2), we get

Sl (0) 61 Ell 212 Y

L(Sy) = S +Sa+1__L(I 51)_ L(Izs1)_ L(S1)

L(Iy) = é +§1—1L(sl 1)+§“ L(S,T5) - Y L(Il)—v L(Il)—P—L(Il)
R, (0 \

Lry =20 By Sy,

L(Sy) =22 4+ 22— Bp(1,5,) - 221,(1,5,) — 21(s,),

sa+1

é +§2—1L(Sz 1)+222 L(Sz 2) Y L(Iz)_v L(I )_p_L(IZ)

L(I,) =

R(O) P. ¥
L(Ry) = 22 + 2 L(1,) — 2 L(Ry).

(4.2)

(4.3)

The proposed method gives the solution as an infinite series. Let the value of A =1,S;,B = I1,S,;,C = I,S, and
E = S,1,to be able to apply the Adomian decomposition method. We consider the solution as an infinite series in

the form
S. = Z;o:o Siny L1z = Z;o:o Iin Rz = Z;O:o Rin, Sz = Z;O:o Sons

T22 = Xn=0Lon, Ron = Xi=0 Ron,

Then, by decomposing the nonlinear part named 4, B, € and E in the following form

A= Z;?:O Ap,B = Z‘ZO:O By, C= Z?lo=0 Gy E= Z?lozo En,

Here, A, B,, C,, and E,, can be computed using the convolution operation as

1 d e v 1 d e v
O rr PRLDREY B el PR UDI L
Li=0 i=0 n=0 Li=0 i=0 n=0

1 d v v 1 d v v .
I'(n+1)dn | & £ oo I'(n+1)dn & — e

(4.4)

(4.5)

(4.6)

By substituting Eq. (4.4- 4.6) into Eq. (4.3) and by matching the two sides of the equation yields the following

iterative algorithm we have resulted in the form.
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C _510 81 EZl C 212 C Yl
L(Z SIn) —?4‘@—5—(1]4( OAn> _S_“L<Z Bn) —S L(Z Sln):

n=0 n= n=0 n=0
N Lo (N PIAN Vi (N v (N TINAN
(S ) =B (S e a(S o) S (D) -2 (3 1) - 203 )
n=0 n=0 n=0 n=0 n=0 n=0
L(Z R1n> = %+ S—iL(Z Iln> - S—;L<Z R1n>,
n=0 n=0 n=0
C SZO 82 221 C EZZ YZ C
L<ZSZ“> SRt DI RS ch st 25
n=0 n=0 n=0 n=0
C IZO EZl C 212 - 222 .
L(ZIZH>:T+S—(ZL ZEH +S_“L ZBH +S_aL ch
n=0 n=0 n=0 n=0
Y. (N AN INAN
_S_aL ZIZD _S_aL ZIZn _S_aL ZIZH )
n=0 n=0 n=0
L (Z R2n> =2+ 2L (Z 12n> -2l (Z R2n>. 4.7)
n=0 n=0 n=0

By equating both sides of Equation (4.7), we obtain the following iterative algorithm:

S I R
L(Slo) = % ’ L(Iw) = f' L(Rw) = %

S I R
L(Szo) = %, L(Izo) = %: L(Rzo) = ;0:
8
L(S11) = oo — 2 L(A,) — 22 L(B,) — 2 L(s,0),
Y V. P
L(T11) = 22 L(A.) + 22 L(By) — 2 L(T50) — g2 L(T3) — g2 L(T1o),
P
L(Ry1) = 2 L(T10) = 2 L(Ryo),
_ 521 Ezz Yz
L(S21) = sbr — 2 L(Eg) — 2 L(Co) — 22L(S30),
V. P
L(T21) = ZL(Ee) + 22 L(Co) — 22 L(T20) — 2 L(T20) — 2 L(T20),
_ Py Y2
L(Rz1) = 7 L(T20) — 2 LR30), .,
L(S1) = — 1 L(A,_,) — 22 L(B,_,) — Y2 1,(S;_1)
in/ — S n-1 S n—-1 s 1in-1./»
v P
L(I1n) = 2 LAn-1) + 2 L(By-1) — 2 L(T10-1) = 2 LT1nm1) = 2 L(T1ao),
_P Y1
L(Rln) - S_aL(Iln—l) - S_aL(Rln—l)'
L(Syy) = — 2 L(Ey_y) — 22 L(Cy_y) — 22 L(Spny)
2n) — S n-1 S n-1 s 2n—-1.»
V. P
L(Izn) = 2 L(Eg-1) + ZL(Cao1) = 2L(To0o1) = LT 20-1) — 2L(T2n-0),

L(Rzn) = 2 L(Tzn-1) = 22 L(Ryno)- (4.8)
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Finally, by taking the inverse transform of Eq. (4.8), we have the following equation
S10 = S100 L10 = T100, R10 = Ryoo,

S20 = S200, L20 = T200, R20 = Ryg0,

t(Z
S11 = [61 — &11A0 — &12Bo — ¥1S100] @D’
t(l
T11 = [81140 + §12Bo — Y1 T100 = ViT100 — P1I1oo]m’
ta
Ry = [P1I100 - Y1R100] @)’
t(l
Sp1 = [_E21Eo — 82200 — stzoo]m’
ta
T21 = [§21E0 + 822C0 — ¥2T200 — V2T100 — P21200] @D’
toc
Ry, = [lezoo - Yszoo] @+’ (4.9)
Similarly, at the final step, we get the rest of the terms as infinite series as,
S1(0) = Xi20S1i, 11 (0 = 226 I4i, Ry (D) = XiZo Ry,
S2(t) = 220821, 1(8) = Xi20 I2i, R (8) = X2 R (4.10)

Equation (4.10) solves the main SIR model of Eq. (2.1) which will be illustrated in the next section.

5. Numerical Simulations

In this section, we test the effectiveness of the proposed technique by examining the acquired results for model
(2.1) for differenta. The numerical simulations are presented by taking partial parameters from numerical
simulations in [29]. In this section, the values of various parameters are presented for two different cases (Table 1-
2).

The results obtained by LADM closely match the numerical (ODE45) solutions when a = 1. In this study, two cases
are examined to evaluate the model performance for a = 1,a = 0.75, and « = 0.5. Fig. (1-36) presents a comparison
between the results obtained using LADM and those generated by MATLAB's ODE45 (Runge-Kutta 4th order
method) across various model categories. It is evident from this figure that the proposed technique is efficient and
accurate, as it perfectly agrees with the MATLAB code results.

The choice of @ = 0.75 and a = 0.5, in addition to the classical case a« = 1, is intended to illustrate how
progressively stronger memory effects influence the epidemic process: smaller values of a place increasing weight
on the past history of the susceptible, infected and recovered sub-populations, which in the present model is
reflected in a slower, more gradual approach toward the equilibrium levels and a broadened infection peak,
consistent with the interpretation of @ as a memory (hereditary) parameter of the disease-transmission process
rather than a purely mathematical tuning constant. It should also be stressed that ODE45 solves only integer-order
(¢ = 1) systems and cannot be applied directly when a # 1; for ¢ = 0.75 and @ = 0.5 no independent numerical
solver is therefore available for comparison. The accuracy of the LADM solution for @ # 1 is instead inferred
indirectly, from (i) the close agreement between LADM and ODE45 already demonstrated for the integer-order case
a = 1, and (ii) the rapidly decaying magnitude of successive terms in the LADM series, which confirms the fast
convergence of the approximation for all values of a considered.
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Table 1: Parameter descriptions of the SIR nonlinear system.

5, =038, = 02V, = 0.4V, = 0.4,P, = 0.2,P, = 03,
£11(1) = 0.6,81(2) = 0.7,&,,(1) = 0.1,§,,(2) = 0.6,

Y1 =0.3,8,(1) = 0.2,§,(2) = 0.5,5,,(1) = 0.7,8,,(2) = 0.8,
¥, =02,

CaseA

os —————— — —
i ] sl /\F i
07l ] !
osl | .
06} ]
0.4 B
0sf ] :
04 ] 0.zl i -
0.3f ]
) . ) ) . 0.0k 1 I L 10
0 50 100 150 200 o =0 100 150 =00

Figure 1: The numerical solution of S; (¢t)(ODE45) for a = 1. Figure 2: The approximate solution of S; (¢t)(LADM) for a = 1.

2.0}, ' ' ' ] 20 ' ' ' ]
155 - 15} ]
100 ] 10f: ]
05l L ] o5k ]
0.0 L L N L 00k L PR L L M| P SR I T L L |:
0 50 100 150 200 0 50 100 150 200
Figure 3: The numerical solution of I, (¢)(ODE45) for a = 1. Figure 4: The approximate solution of I, (t)(LADM) for a = 1.
— _— — —
10} 1.0k ]
0sl 08 ]
s+ 4
06
041 ]
04t ;
0zl ]
02t ] |
1 1 1 I I 33 ClL 1 1 1 1 171
0 50 100 150 200 0 50 100 150 200

Figure 5: The numerical solution of R, (¢t)(ODE45) for a = 1. Figure 6: The approximate solution of R, (t)(LADM) for a = 1.
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— ———————— — —
08tk R ol 4
07t ] . /\’
-
08 | 4
06F :
05r 1 aal i ]
04f ] iy
0.2k -
03fF
02g ] 0.0k . . - =
0 50 100 150 200 0 50 100 150 200

Figure 7: The numerical solution of S,(t)(ODE45) for a = 1. Figure 8: The approximate solution of S, (t)(LADM) for a = 1.

20 4 20 _:: 4
15 1651 4
1.0 1.0 4
05+ L ] 05l :Ei 1
0.0k ‘ . . ] 0.0 by . . - =
0 50 100 150 200 o 50 100 180 200
Figure 9: The numerical solution of I,(t)(ODE45) for @ = 1. Figure 10: The approximate solution of I, (t)(LADM) for a = 1.
14 [ ] L T T T T T T T T T T |_
1.2+ 1 E
1.0+ B 7]
08l ] ]
06+ B 1
04+ -
02p, ] 0.0k . . L A

0 50 100 150 200 o 50 100 150 200

Figure 11: The numerical solution of R,(t)(ODE45) for « = 1.  Figure 12: The approximate solution of R, (¢t)(LADM) for a = 1.

0.9 : : : : : : : ; . 2 . :
J—— —_—=1
0.8 ——a=075|| 1.8 —_—=075
’ W\ a=05 =05
16 1
07 :
14
0.6 1.2
= 05 =
» _
04 08
0.6
03
04
0.2 0'2‘;’
01 . . . . . . . . . 0 ! ! ; ; ! | | | |
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

t t

Figure 13: The solution of S;(t) obtained by LADM for Figure 14: The solution ofI;(t) obtained by LADM for
different values of «, (a) of « = 1, (b) of @ = 0.75, (c) of « = 0.5 different values of «, (a) of « = 1, (b) of « = 0.75, (c) of « = 0.5
and 0 <t < 200. and 0 <t < 200.
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1.2

0.8
06
o
0.4
0.2}
.

0

— =1
—a=0.75
a=05 |

100 120 140 160 180 200
t

0 20 40 60 80

Figure 15: The solution of R,(t) obtained by LADM for
different values of «, (a) of « = 1, (b) of @« = 0.75, (c) of « = 0.5
and 0 <t < 200.

25
—_—=1
—_—=0.75
a=05
2 1
15
T
1
0.5
0

L I L L L
100 120 140 160 180 200
t

I L L L
0 20 40 60 80

Figure 17: The solution of I,(t) obtained by LADM for
different values of a, (3) of @« = 1, (b) of « = 0.75, (c) of « = 0.5
and 0 <t < 200.

Yildiz and Giinerhan

—_—=1
—_—=075
a=05 |4

0.9 . . . .
08
07
08
s
2]
05
0.4
03
02 ‘ ‘ . .
0 20 40 60 8

Figure 16: The solution of S,(t) obtained by LADM for
different values of «, (a) of « = 1, (b) of @ = 0.75, (c) of « = 0.5
and 0 <t < 200.

1.6 T T T
1.4
1.2
1
~
o
0.8
0.6 [
\\;‘
20 40

0 100 120 140 160 180 200
t

—_—=1
—_—=075
a=05 ||

0.4

0.2 T T T T T
100 120 140 160 180 200

t

60 80

Figure 18: The solution of R,(t) obtained by LADM for
different values of a, (a) of @« = 1, (b) of « = 0.75, (c) of « = 0.5
and 0 <t < 200.

Table 2: Parameter descriptions of the SIR nonlinear system.

61=0.6,62=0.5P1=0.2,P2=0.1,vl1 =0.1,v2 =04,
‘511(1) = 0.6, 511(2) =07, ‘221(1) =0.1, ‘221(2) = 0.6,

Case B
Y1 =0.3,8,(1) = 0.2,§,(2) = 0.5,§,,(1) = 0.7,§,,(2) = 0.8,
Y, =0.2.
D.Bfl 0.8—! t T T "]
07
0 4
0g ) j
naf’ i
}f
o5t Pl
0zE 4
0.4
0o0E 1 1 L 11
1] a0 100 180 200 1] a0 400 150 200

Figure 19: The numerical solution of S;(t)(ODE45) for @ = 1.
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Figure 21: The numerical solution of I, (t)(ODE45) for a = 1.
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Figure 23: The numerical solution of R, (t)(ODE45) for a = 1.
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Figure 25: The numerical solution of S,(t)(ODE45) for a = 1.
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Figure 27: The numerical solution of I,(t)(ODE45) for a = 1.
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Figure 29: The numerical solution of R, (t)(ODE45) for a = 1.
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Figure 31: The solution of S;(t) obtained by LADM for
different values of «, (a) of « = 1, (b) of @« = 0.75, (c) of « = 0.5
and 0 <t < 200.
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Figure 33: The solution of R,(t) obtained by LADM for
different values of a, (a) of « = 1, (b) of « = 0.75, (c) of « = 0.5
and 0 <t < 200.
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Figure 30: The approximate solution of R, (t)(LADM) for « = 1.
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Figure 32: The solution of I;(t) obtained by LADM for
different values of «, (a) of « = 1, (b) of @« = 0.75, (c) of «a = 0.5
and 0 <t < 200.
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Figure 34: The solution of S,(t) obtained by LADM for
different values of a, (a) of a = 1, (b) of « = 0.75, (c) of a = 0.5
and 0 <t <200.
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Figure 35: The solution of I,(t) obtained by LADM for Figure 36: The solution of R,(t) obtained by LADM for
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6. Conclusions

This research developed a nonlinear SIR model utilizing a modified Caputo fractional derivative to examine the
transmission dynamics of infectious diseases. The model was effectively resolved employing two distinct
methodologies: the fourth-order Runge-Kutta method and the Laplace-Adomian decomposition method. The
results obtained yield precise solutions and are examined for varying values of the fractional-order parameter a and
diverse transmission rates. All results have been examined and contrasted across various cases. The results show
that all values of a and transmission rates are very accurate and stable. Our results and methodologies can be
further expanded or generalized to address additional intriguing nonlinear models that emerge from diverse
phenomena in physics and engineering. The results are also applicable to models developed with alternative
fractional derivatives.

Comparing the three fractional orders considered, a = 1, a = 0.75 and a = 0.5, the simulations show that as a
decreases the infected sub-populations I1 and 12 reach their peak later and at a lower amplitude, while the
susceptible and recovered compartments approach their long-run levels more gradually; in other words, the
memory effect captured by the fractional derivative tends to flatten and delay the epidemic curve relative to the
classical integer-order case. This suggests that populations whose transmission or recovery process carries a
stronger hereditary component may experience a slower-burning, less sharply peaked outbreak, a biologically
relevant insight that the classical integer-order SIR model cannot provide. The present study nevertheless has some
limitations: the model assumes a constant total population with no age-structure, it does not include vaccination or
time-dependent transmission and recovery rates, and the LADM solution is presented as a truncated series whose
accuracy for a # 1 could not be benchmarked against an independent fractional-order solver. Future work will
extend the model to include vaccination strategies, age-structured or spatially distributed populations, and time-
varying parameters, and will compare the LADM series against dedicated fractional numerical schemes (e.g. the
Adams-Bashforth-Moulton predictor-corrector method) for a # 1.
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  L  (   ∑  n = 0 ∞   S  1 n ) =    S 10 S +    δ 1   S  𝛼 + 1 −    ξ 21   S  𝛼 L  (   ∑  n = 0 ∞   A n ) −    ξ 12   S  𝛼 L  (   ∑  n = 0 ∞   B n ) −    Ɣ 1   S  𝛼 L  (   ∑  n = 0 ∞   S  1 n ) ,


  L  (   ∑  n = 0 ∞    𝙸  1 n ) =     𝙸 10 S +    ξ 11   S  𝛼 L  (   ∑  n = 0 ∞   A n ) +    ξ 12   S  𝛼 L  (   ∑  n = 0 ∞   B n ) −    Ɣ 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) −     𝒱 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) −    P 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) ,


  L  (   ∑  n = 0 ∞    𝙸  1 n ) =     𝙸 10 S +    ξ 11   S  𝛼 L  (   ∑  n = 0 ∞   A n ) +    ξ 12   S  𝛼 L  (   ∑  n = 0 ∞   B n ) −    Ɣ 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) −     𝒱 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) −    P 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) ,


  L  (   ∑  n = 0 ∞   R  1 n ) =    R 10 S +    P 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) −    Ɣ 1   S  𝛼 L  (   ∑  n = 0 ∞   R  1 n ) ,


  L  (   ∑  n = 0 ∞   R  1 n ) =    R 10 S +    P 1   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  1 n ) −    Ɣ 1   S  𝛼 L  (   ∑  n = 0 ∞   R  1 n ) ,


  L  (   ∑  n = 0 ∞   S  2 n ) =    S 20 S +    δ 2   S  𝛼 + 1 −    ξ 21   S  𝛼 L  (   ∑  n = 0 ∞   E n ) −    ξ 22   S  𝛼 L  (   ∑  n = 0 ∞   C n ) −    Ɣ 2   S  𝛼 L  (   ∑  n = 0 ∞   S  2 n ) ,


  L  (   ∑  n = 0 ∞   S  2 n ) =    S 20 S +    δ 2   S  𝛼 + 1 −    ξ 21   S  𝛼 L  (   ∑  n = 0 ∞   E n ) −    ξ 22   S  𝛼 L  (   ∑  n = 0 ∞   C n ) −    Ɣ 2   S  𝛼 L  (   ∑  n = 0 ∞   S  2 n ) ,


  L  (   ∑  n = 0 ∞    𝙸  2 n ) =     𝙸 20 S +    ξ 21   S  𝛼 L  (   ∑  n = 0 ∞   E n ) +    ξ 12   S  𝛼 L  (   ∑  n = 0 ∞   B n ) +    ξ 22   S  𝛼 L  (   ∑  n = 0 ∞   C n )


  L  (   ∑  n = 0 ∞    𝙸  2 n ) =     𝙸 20 S +    ξ 21   S  𝛼 L  (   ∑  n = 0 ∞   E n ) +    ξ 12   S  𝛼 L  (   ∑  n = 0 ∞   B n ) +    ξ 22   S  𝛼 L  (   ∑  n = 0 ∞   C n )


  −    Ɣ 2   S  𝛼 L  (   ∑  n = 0 ∞   I  2 n ) −     𝒱 2   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  2 n ) −    P 2   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  2 n ) ,


  −    Ɣ 2   S  𝛼 L  (   ∑  n = 0 ∞   I  2 n ) −     𝒱 2   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  2 n ) −    P 2   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  2 n ) ,


  L  (   ∑  n = 0 ∞   R  2 n ) =    R 20 S +    P 2   S  𝛼 L  (   ∑  n = 0 ∞    𝙸  2 n ) −    Ɣ 2   S  𝛼 L  (   ∑  n = 0 ∞   R  2 n ) .


  L  (  S 10 ) =    S 10 S   ,               L  (   𝙸 10 ) =     𝙸 10 S ,           L  (  R 10 ) =    R 10 S ,


  L  (  S 20 ) =    S 20 S ,               L  (   𝙸 20 ) =     𝙸 20 S ,           L  (  R 20 ) =    R 20 S ,        


  L  (  S 11 ) =    δ 1   S  𝛼 + 1 −    ξ 11   S  𝛼 L  (  A 0 ) −    ξ 12   S  𝛼 L  (  B 0 ) −    Ɣ 1   S  𝛼 L  (  S 10 ) ,


  L  (   𝙸 11 ) =    ξ 11   S  𝛼 L  (  A 0 ) +    ξ 12   S  𝛼 L  (  B 0 ) −    Ɣ 1   S  𝛼 L  (   𝙸 10 ) −     𝒱 1   S  𝛼 L  (   𝙸 10 ) −    P 1   S  𝛼 L  (   𝙸 10 ) ,


  L  (  R 11 ) =    P 1   S  𝛼 L  (   𝙸 10 ) −    Ɣ 1   S  𝛼 L  (  R 10 ) ,


  L  (  S 21 ) =    δ 2   S  𝛼 + 1 −    ξ 21   S  𝛼 L  (  E 0 ) −    ξ 22   S  𝛼 L  (  C 0 ) −    Ɣ 2   S  𝛼 L  (  S 20 ) ,


  L  (   𝙸 21 ) =    ξ 21   S  𝛼 L  (  E 0 ) +    ξ 22   S  𝛼 L  (  C 0 ) −    Ɣ 2   S  𝛼 L  (   𝙸 20 ) −     𝒱 2   S  𝛼 L  (   𝙸 20 ) −    P 2   S  𝛼 L  (   𝙸 20 ) ,


  L  (  R 21 ) =    P 2   S  𝛼 L  (   𝙸 20 ) −    Ɣ 2   S  𝛼 L  (  R 20 ) , …   ,


  L  (  S  1 n ) = −    ξ 11   S  𝛼 L  (  A  n − 1 ) −    ξ 12   S  𝛼 L  (  B  n − 1 ) −    Ɣ 1   S  𝛼 L  (  S  1 n − 1 ) ,


  L  (   𝙸  1 n ) =    ξ 11   S  𝛼 L  (  A  n − 1 ) +    ξ 12   S  𝛼 L  (  B  n − 1 ) −    Ɣ 1   S  𝛼 L  (   𝙸  1 n − 1 ) −     𝒱 1   S  𝛼 L  (   𝙸  1 n − 1 ) −    P 1   S  𝛼 L  (   𝙸  1 n − 1 ) ,


  L  (  R  1 n ) =    P 1   S  𝛼 L  (   𝙸  1 n − 1 ) −    Ɣ 1   S  𝛼 L  (  R  1 n − 1 ) ,


  L  (  S  2 n ) = −    ξ 21   S  𝛼 L  (  E  n − 1 ) −    ξ 22   S  𝛼 L  (  C  n − 1 ) −    Ɣ 2   S  𝛼 L  (  S  2 n − 1 ) ,


  L  (   𝙸  2 n ) =    ξ 21   S  𝛼 L  (  E  n − 1 ) +    ξ 22   S  𝛼 L  (  C  n − 1 ) −    Ɣ 2   S  𝛼 L  (   𝙸  2 n − 1 ) −     𝒱 2   S  𝛼 L  (   𝙸  2 n − 1 ) −    P 2   S  𝛼 L  (   𝙸  2 n − 1 ) ,


  L  (   R  2 n ) =     P 2    S  𝛼 L  (   𝙸  2 n − 1 ) −    Ɣ 2    S  𝛼 L  (   R  2 n − 1 ) .


   S 10 =  S 100 ,     𝙸 10 =   𝙸 100 ,


   R 10 =  R 100 ,


   S 20 =  S 200 ,     𝙸 20 =   𝙸 200 ,    R 20 =  R 200 ,


   S 11 =  [  δ 1 −  ξ 11  A 0 −  ξ 12  B 0 −  Ɣ 1  S 100 ]    t  𝛼  г  ( 𝛼 + 1 )   ,


    𝙸 11 =  [  ξ 11  A 0 +  ξ 12  B 0 −  Ɣ 1   𝙸 100 −   𝒱 1   𝙸 100 −  P 1   𝙸 100 ]    t  𝛼  г  ( 𝛼 + 1 )   ,


   R 11 =  [  P 1   𝙸 100 −  Ɣ 1  R 100 ]    t  𝛼  г  ( 𝛼 + 1 )   ,


   S 21 =  [ −  ξ 21  E 0 −  ξ 22  C 0 −  Ɣ 2  S 200 ]    t  𝛼  г  ( 𝛼 + 1 )   ,


    𝙸 21 =  [  ξ 21  E 0 +  ξ 22  C 0 −  Ɣ 2   𝙸 200 −     𝒱 2 𝙸 100 −  P 2   𝙸 200 ]    t  𝛼  г  ( 𝛼 + 1 )   ,


    R 21 =  [   P 2   𝙸 200 −  Ɣ 2   R 200 ]     t  𝛼  г  ( 𝛼 + 1 )   ,


   S 1  ( t ) =   ∑  i = 0 ∞   S  1 i ,     𝙸 1  ( t ) =   ∑  i = 0 ∞    𝙸  1 i ,    R 1  ( t ) =   ∑  i = 0 ∞   R  2 i ,


    S 2  ( t ) =   ∑  i = 0 ∞    S  2 i ,     𝙸 2  ( t ) =   ∑  i = 0 ∞    𝙸  2 i ,     R 2  ( t ) =   ∑  i = 0 ∞    R  2 i .  
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